Abstract -The distribution of electromagnetic fields, forces and temperatures induced by a three-phase axially-symmetric system of electric current in a conducting cylinder of finite length has been calculated. An original method was used to calculate the mean values of electromagnetic forces. The magnetohydrodynamic (MHD) flow of viscous incompressible liquid and distribution of temperature are obtained by the finite-difference method, using monotonic finite difference schemes.
Introduction
In many technological applications it is important to mix and heat an electrically conducting liquid. In practice, such processes are implemented with the aid of various magnetic fields (rotating, traveling, and pulsing) acting upon the liquid.
One of the modern areas of application developed during last years is effective use of electric energy produced by alternating current in production of heat energy. This process is ecologically clean, there is no environment pollution. Though, on the other hand, the aspect of energy is very important: the transformation process is to be organized in such a way that electric energy should be effectively transformed into heat energy. It can be achieved by reducing the amount of elements in the energy transformation process. For example, if the medium, where heat energy is produced, is at the same time a transmitter in a heating system, then there will be no losses. One of such media is undistilled water. It is ecologically harmless and easily available. It is very important that water (with a small amount of nonaggressive salts added, if needed) is a weakly electrically conducting medium (electrolyte).
In the last ten years, devices based on this principle have been developed. Compared to the classical devices with heating elements, they are more compact and do not calcify.
This work presents a mathematical model of one of such devices. It is a finite cylinder with equally spaced metal coils on its inner surface. On connecting these coils to a one-phase or three-phase alternating current, they start to rebase energy. If this cylinder is placed, for example, in a house heating system together with a small electric motor which rotates water at the inlet of the cylinder and pumps water through it, we obtain an effective, compact, and ecologically clean house heating device.
Main assumption of the mathematical model
Magnetic fields in a conducting medium are induced owing to the following two factors: 1) on interaction of an electromagnetic field with the electrically conducting medium; 2) on interaction of a moving medium with an external magnetic field. In the general case, both factors could be sufficiently important. However, if the estimation e = µσωa << 1 is valid, then the second factor can be ignored. Here, µ = 4π 10
is the magnetic permeability in vacuum, σ is the electric conductivity of the liquid,ω = 2πf is the angular frequency of the alternating current fed to the installation, f is the frequency, and a is the cylinder radius. For an electrolyte with σ = 100 1 Ω.m at a = 0.05 m and f = 50 Hz we obtain e = 10 −4 << 1. This means that the action of the moving liquid on the external magnetic field is insignificant, that is, the process could be considered in the so-called inductionless approximation. This allows the current density vector j to be defined from Ohm's law in the simplified form j = σ E, where E is the intensity vector of the alternating electric field.
Let the cylindrical domainΩ = {(r, z) : 0 < r < a, 0 < z < Z} contain conducting material, where a, Z are the radius and length of the cylinder. Consider the situation when an alternating current with the density j i = j 0 cos(ωt + (i − 1)θ), i = 1, N , is fed to N discrete circular conductors,which are placed on the internal wall of the cylinder. Here j 0 is the amplitude, θ is the phase (usually θ = 60 0 ), and t is the time. In the conducting liquidelectrolyte the current creates the radial B r and axial B z components of the magnetic field as well as the azimuthal component of the induced electric field E φ , which, in turn, creates the axial F z and radial F r components of the electromagnetic force (Lorentz' force). To calculate the electromagnetic fields, the averaging method over the time interval 2π/ω = 1/f was used. The values F r , F z of these latter components averaged within the time interval f −1 give rise to the liquid (electrolyte) motion, which can be described by the stationary Navier-Stokes equation. At the inlet of the cylinder we have a uniform velocity U 0 ≈ 0.1 m s , but the swirl velocity is taken to be that induced by the rigid body rotation with the angular velocity Ω 0 ≈ 4 1 s . In [3, 5] , numerical solutions have been obtained for a swirling flow of a viscous incompressible fluid under various boundary constraints. In [5] , a rotating flow is obtained mechanically, but in [3] it was induced by a magnetic field and direct current. The direct current is fed to the electrodes located in the entry section of the cylinder. Our work deals with electrodes positioned on the inner surface of the cylinder having a contact with a moving medium. Magnetic field is produced by passing an alternating current to the electrodes. The main aim of the work is to analyze the way in which different connection schemes of the electrodes and vortices influence the maximum value of temperature.
Most of the works devoted to investigation into the influence of alternating current on the distribution of electromagnetic forces deal with an infinitely long inductor. A quasi-stationary magnetic field is calculated based on the form of Bessel's functions and complex number with the factor exp(j * ω t), where j * = √ −1 [4] . In the present work, which employs elliptical integrals, the calculations are performed using only the real form of numbers and assuming the time dependence as cos(ωt). This makes it possible to consider alternating current connections of various type, with phase shifts θ and various arrangements of conductors.
The liquid has the following parameters: kinematic viscosity ν ≈ 10
, density ρ ≈ 1000 kg m 3 (η = ρν is the dynamic viscosity), specific heat capacity c ≈ 4000 
Calculation of the electromagnetic field and force
The azimuthal components A φ , E φ of the vector potential A and of the electric field E are determined from Maxwell's equations in the following form: Applying the Biot-Savar law, we arrive at the following form of the azimuthal component of the vector potential created by the alternating current in every conductor L i :
where dl is an element of the circular line. Having evaluated the line integrals in a closed form we have
where
is the total elliptical integral of first kind,
ξdξ is the total elliptical integral of second kind. This integrals can be calculated accurate to the 4-th decimal place [1] .
Assuming the vectorial components of the magnetic field induction as
(rA φ ), we arrive at the following form of these components created by the alternating current in the conductor L i :
From Ohm's law for the electrically conducting media follows the azimuthal components j φ of the vector of the induced current density as j φ = σE φ = −σ∂A φ /∂t, and hence from every conductor L i electric current with the density
is induced. The summary magnetic field (B r , B z ), the vector potential A φ , and the induced current density j φ we obtain from (3.1-3.3) in the form
If t = 0, then from (3.4) one can evaluate the instantaneous values of the above quantities.
Having calculated the vector of the electromagnetic force F = j × B, we can write the instantaneous value of the radial and axial components as
Therefore,
Note that the symmetrical and antisymmetrical parts of the coefficients α are satisfied by the relationships α
, the average quantity in the time interval 2π/ω of this expression is 0.5 sin((j − i)θ). Therefore, the radial and axial components of the averaged force vector are written as
Having calculated the azimuthal component of the curl of the force vector
we analogously obtain its average value as
Calculating the derivatives gives
The function (3.7) is employed in calculating the motion of liquids according to the NavierStocks equation. It is readily seen that ∂α
The Navier-Stokes equations.
The complete system of equations for a viscous incompressible flow consists of the continuity equation, Navier-Stokes equation and energy (temperature) equation. The axially-symmetric stationary Navier-Stokes equations for a viscous incompressible flow in the cylindrical coodinates (r, φ, z) have the following form: are the convective terms of the equations. Taking the derivatives of the first equation of the system (4.1) with respect to r and subtracting it from the second equation, which is differentiated with respect to z, we can exclude the pressure. Then, the first two equations yield
is the azimuthal component of the velocity curl vector, < f φ >=
is the averaged azimuthal component of the force curl vector. To ensure fulfillment of the forth (continuous) equation of system (4.1), we will define the hydrodynamic-stream function ψ with the aid of the relationships
Then,
is the conjugate expression for the Laplace operator. Assuming that ∆ω φ − r
which, together with (4.4), forms the closed system of equations for determining the functions ψ, ω φ . To form a monotonous finite-difference scheme [2] , it is necessary that equations (4.5), could contain only partial derivatives of the functions ψ, ω φ , and v φ . For this purpose, we will use the transformations
Then, the equation for the vorticity function ω, stream function ψ, and the circulation W will be written in the following form: 
The heat transfer equation
In an incompressible flow with constant properties the hydrodynamics is independent of the thermodynamics. Once the kinematic flow field is described by ψ, ω, and by W solutions, we can obtain solution for any number of temperature distributions T with different thermal boundary conditions. The steady energy equation reduces to the heat transport equation for an incompressible flow with source terms and with constant properties. The axially-symmetric stationary distribution of the temperature field in a conducting cylinder is described by the following equation of heat conduction in cylindrical coordinates: 
To formulate the boundary-value problem for equation (5.1), the boundary conditions are written in the form
where T a is the given constant external temperature. Introducing the dimensionless valuesT = (T −T a )/T a ,r = r/a,z = Z/a, we arrive at the following form of the boundary-value problem for the heat transport equation in cylindrical coordinates (the symbol "tilde" is omitted):
where are the Prandtl, Peclet, and Eckert numbers (P e = P r.Re).
The wall vorticity in a uniform grid
We consider a uniform grid (n r ×n z ) :
The subscripts (i, j) refer to the r, z indices, the mesh spacing in the i, j directions are h 1 and h 2 . We use the same notation g for the continuum function g(r, z) and the discrete function g(r i , z j ) = g i,j .
The vorticity ω w is obtained from the no-slip conditions [6] . We expand to ψ n r ,j by a Taylor series out from the wall values ψ m,j (m = n r + 0.5, mh 1 = 1) : 
This first-order form was given by Thom (1928) . Woods (1954) suggested the next secondorder form, obtained from equation (6.1) 
Finite-difference approximations for 1-D model equations
The presence of large parameters of first order derivatives (Γ, Re, P e) in the system of differential equations (4.8), (5.4) couses additional numerical difficulties for application of the general finite-difference methods (little speed of convergence, low precision). Thus, special monotonic approximations are constructed [2] . We can easily illustrate this situation on the simple example of 1-D ordinary differential equations of second order. We consider the real functions The monotonic approximations of (7.2) have the form [2, 4] 
3)
For the 1-D part (x = r) of the first equation of (4.8) we obtain the equations (7.2), (7.3)
For the 1-D part (x = r) of equation (5.4) we obtain the equations (7.2), (7.3) with u = T, b = r, a = −P e rv r ,f = rf.
For the 1-D part (x = z) of equation (5.4) we obtain the equations (7.2) with u = T, b = 1, a = −P e v z ,f = f and the finite-difference equations
2. For the 1-D part (x = z) of the first and second equations of (4.8) we obtain system of two ordinary differential equations
, f 1 , f 2 are the other parts of equations (4.8).
The corresponding monotonic finite-difference equations are obtained in the following form [2] :
where j = 2, n z , W j±0.5 = 0.5(W j + W j±1 ).
The finite-difference scheme for MHD equations
For the first and second equations of (4.8) we obtain from (7.3), (7.6) the following finitedifference equations of the second order of approximation:
For the third equation of (4.8) we obtain the finite-difference equation with central differences δ
are the spacecentered differences of second order for the approximation of the derivatives For the heat transport equation (5.4) , from (7.3) we obtain the finite-difference equations
is the discrete form for the dissipation function Φ, δ z g i,j = 0.5h 
The numerical method
The finite difference scheme (8.1)-(8.4) is calculated by the relaxation method in the following form: g
where n = 1, 2, 3, ... is the iteration number, Ω g represents the relaxation parameters, g z i,j is the n-th approximation by Seidel's iteration technique, i = 1, n r , j = 2, n z , g = ψ; ω; W ; T. The solutions converged when they satisfied the following convergence criterion:
It is difficult to find the optimal values of the up-relaxation parameter Ω o for Ω ψ , Ω T in cylindrical coordinates, hence we will apply the quantity taken from the approximation of Poisson's equation in the Descartes coordinates: Others are the under-relaxation parameters in the form Ω ω = 0.5, Ω W = 0.5.
Numerical results
As the basis for carrying out calculations N circular conductors are selected, which are arranged in the axial direction at the points z i = 0.2i, i = 1, N . The results of numerical experiments for < F r >, < F z >, < f φ >, < j φ > in the dimensionless form 0.5S The numerical results show that the force fields induced by alternating current as well as the heat source are concentrated on the surface of the cylinder in the vicinity of the circular electrodes and that the conducting material is heated best on the cylindrical surface after the last electrode. The results depend on the arrangement of electrodes and on the phase shift. If the parameter Γ is increased, inside the cylinder one vortex appears, which, starting from Γ > 4, develops into a vortex system, which exerts a strong influence on the temperature distribution (the electrolyte in the cylinder is heated more rapidly). Figures 1-14 show typical results of the calculations: the magnetic field and the distribution of heat sources rises to a maximum on the surface of the cylinder. We can see the vortex formation and its temperature field depending on the parameters Re, T e, and Γ.
Without 11. Conclusions 1. Squirt motion of a weakly electrically conducting fluid influenced by an alternating electromagnetic field in a finite cylinder is investigated.
2.
A real variable approach is used to describe time-averaged electromagnetic forces and fields.
3. An original monotonic difference scheme for approximation of this mathematical model is developed.
4. Numerical results show that the maximum temperature distribution is strongly influenced by the connection method used by producers of electrical energy as also by the distribution of vortices in the cylinder. 
